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Consider an impurity particle injected in a degenerate one-dimensional (1D) gas of noninteracting
fermions (or, equivalently, Tonks-Girardeau bosons) with some initial momentum p0. We examine
the infinite-time value of the momentum of the impurity, p∞, as a function of p0. A lower bound
on |p∞(p0)| is derived under fairly general conditions. The derivation, based on the existence of the
lower edge of the spectrum of the host gas, does not resort to any approximations. The existence of
such bound implies the perpetual motion of the impurity in a one-dimensional gas of noninteracting
fermions or Tonks-Girardeau bosons at zero temperature. The bound admits an especially simple
and useful form when the interaction between the impurity and host particles is everywhere repulsive.
I. INTRODUCTION
The experimental advances in preparation and manip-
ulation of one-dimensional quantum gases [1] has fueled a
considerable interest in theoretical studies of their prop-
erties. These studies have revealed a variety of remark-
able and sometimes unexpected effects [2]. One such re-
cently discovered effect, the absence of complete relax-
ation of momentum of a mobile impurity injected in a
one-dimensional quantum gas, constitutes the subject of
the present paper. This phenomenon was predicted in
[3, 4] on the basis of the analysis of the dispersion curve
of the impurity-host system. Then the phenomenon was
observed in semi-numerical calculations in an integrable
model [5] and in numerical calculations in families of
generically non-integrable models [5, 6]. These obser-
vations were further supported in [6] by an analytical
argument based on the Hellmann-Feynman theorem: it
was shown that the average momentum of the impurity
in the ground state of an impurity-host system with a
fixed total momentum is nonzero. Recently the infinite-
time momentum of the impurity for the family of models
studied in [5] was calculated analytically in the week cou-
pling limit [7–9]. The results of the latter calculations
confirm the absence of complete momentum relaxation
in both integrable and non-integrable cases. This should
be contrasted with the fact that the superfluidity, under-
stood as a dissipationless motion of an infinitely heavy
impurity in a quantum liquid, is generally absent in one
dimension [10, 11]. Moreover, the apparent insensitivity
of the above effect to the presence or absence of inte-
grability seems to be at odds with the predicted sharp
difference between transport properties of integrable and
non-integrable systems [12, 13].
The above conundrums call for further studies of the
phenomenon. We aim to contribute to its understand-
ing by rigorously deriving a lower bound on |p∞(p0)|,
where p0 and p∞ are the initial momentum of the im-
purity and its equilibrium infinite-time momentum, re-
spectively. This bound implies the perpetual motion of
the impurity in a one-dimensional gas of noninteracting
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FIG. 1. (color online) Lower and upper bounds on infinite-
time momentum of the mobile impurity, p∞, for the pointlike
interaction (11) with mi = mh and g = 0.1, see eq. (12).
Filled region represents the allowed window for p∞ given a
specific p0. For certain initial momenta p0 the infinite-time
momentum p∞ can not be zero.
fermions or Tonks-Girardeau bosons at zero temperature,
provided the initial momentum p0 lies in a certain range.
The bound is presented in two forms. The first one is
valid for an impurity-host interaction of a general form,
however its practical application requires either involving
perturbation theory or knowing the exact eigenstates of
the impurity-host system. The second one is valid for a
narrower class of interactions, namely, everywhere repul-
sive interactions, which are described by a potential U(x)
fulfilling the condition
U(x) ≥ 0 ∀x. (1)
The advantage of the second bound is that it can be easily
calculated for any everywhere repulsive interaction.
The analytical derivation does not exploit any partic-
ular form of interaction (and thus is equally valid both
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2for nonintegrable and integrable systems) and does not
resort to any approximations. Thus, our result comple-
ments previous works, in which a pointlike interaction
was studied and which relied on numerical methods [5, 6],
on perturbation theory [7–9] or/and on the Bethe anzats
solution [5, 7], the latter being applicable in the inte-
grable case only.
Due to the boson-fermion correspondence valid in one
dimension [14], our results are equally applicable for free
fermion and Tonks-Girardeau boson hosts. In what fol-
lows we stick to a fermion language since it provides more
insight into the physics of the problem.
The paper is organized as follows. We introduce the
setup in the next section. The results are formulated and
discussed in Sec. III. Sec. IV is devoted to summary and
concluding remarks. The Appendix contains the proofs
of the results presented in Sec. III.
II. SETUP
Consider a quantum system consisting of N spinless
fermions (host particles) and one particle of another
species (impurity) in one dimension. The fermions do
not interact with each other, but interact with the impu-
rity. The Hamiltonian of the system reads
Hˆ = Hˆ0h + Hˆ
0
i + Vˆ ,
Hˆ0h =
N∑
n=1
pˆ2n
2mh
− C,
Hˆ0i =
pˆ2i
2mi
,
Vˆ =
N∑
n=1
U(xn − xi)
(2)
with
C ≡ k
2
F
6mh
N(N + 1)
N − 1 . (3)
Here mi and mh, pˆi and pˆn, xi and xn are masses, mo-
menta and coordinates of the impurity and the n’th
fermion, respectively. Periodic boundary conditions on
the wave functions are imposed, L being the period. The
Fermi momentum reads kF ≡ (2pi/L)(N−1)/2, and N is
assumed to be odd. Constant C assures that the Fermi
sea |FS〉, which is the ground state of the free fermion
Hamiltonian Hˆ0h , has zero kinetic energy:
Hˆ0h |FS〉 = 0. (4)
Initially the system is prepared in a product state
|FS, p0〉 ≡ |FS〉 ⊗ |p0〉, (5)
where |p0〉 is the plane wave of the impurity with the mo-
mentum p0. Without a loss of generality we will always
assume p0 > 0. We are interested in the infinite-time
momentum of the impurity defined as
p∞ ≡ lim
t→∞
1
t
∫ t
0
dt′〈FS, p0|eiHˆt′ pˆie−iHˆt′ |FS, p0〉. (6)
III. BOUNDS ON INFINITE-TIME
MOMENTUM
First we provide a simple kinematical argument which
suggests that the impurity momentum does not relax
whenever p0 is less than certain q0. Consider a pairwise
collision between the impurity and one of the fermions
from the Fermi sea. In one dimension, final momenta
are completely determined by the initial momenta due
to the laws of energy and momentum conservation. In
addition, the Pauli principle forbids the final momentum
of the fermion to be inside the Fermi sea. As a result,
the pairwise scattering appears to be impossible for any
fermion from the Fermi sea whenever p0 is less than
q0 ≡ min{kF, mi
mh
kF}. (7)
The above kinematical argument captures the essential
physics which lies behind the following
Theorem. Consider a system of N noninteracting
fermions and one impurity particle in one dimension de-
scribed by the Hamiltonian (2), which is prepared in the
initial state (5) with
0 < p0 < q0.
Assume that the eigenvalues of the total Hamiltonian Hˆ
corresponding to a total momentum p0 are nondegener-
ate. Then the infinite-time momentum of the impurity,
p∞, is bounded from below according to
p∞ ≥ p0 − miq0−p0
(
〈FS, p0|Vˆ |FS, p0〉−∑
ΨE
|〈FS, p0|ΨE〉|2〈ΨE |Vˆ |ΨE〉
)
,
(8)
where the sum is over all eigenstates ΨE of the total
Hamiltonian Hˆ with the total momentum p0. If the in-
teraction between the impurity and the fermions is every-
where repulsive, i.e. the condition (1) is fulfilled, then a
more transparent bound holds:
p∞ ≥ p0 − mikFU
pi(q0 − p0)
N
N − 1 , (9)
where U ≡ ∫ dxU(x).
This theorem constitutes the main result of the present
paper. The proof is provided in the Appendix. Here we
only mention that the proof is based on the existence of
the lower edge of the spectrum of one-dimensional liquid,
the feature which is known to give a prominent impact
on physics in one dimension [15].
Let us discuss and compare the bounds (8) and (9).
The former has the advantage that it is valid for an ar-
bitrary potential. However, its practical applicability is
limited since one has to know exact eigenstates of the
total Hamiltonian in order to calculate the sum in the
3r.h.s. of eq. (8). This is generally not feasible, except
the integrable cases. It can be instructive to evaluate the
r.h.s. of eq. (8) perturbatively. One can immediately see
that O(g) terms (where g is a coupling constant) can-
cel out. Thus, in the week coupling limit the bound (8)
amounts to p0− p∞ . O(g2). It is worth emphasizing at
this point that the bound (8) itself is derived without re-
sorting to the perturbation theory, however its practical
application in nonintegrable cases does require using the
perturbation theory.
The assumption (1) allows us to drop the eigenstate-
dependent term in the r.h.s. of (8), which leads to the
bound (9) (see Appendix). The latter bound can be eas-
ily applied without resorting to any approximations. The
price is twofold. First, the bound (9) is valid for a nar-
rower class of potentials (which includes, however, an
important pointlike repulsive potential studied in [5–7],
see below). Second, it is not as tight as the bound (8),
since the difference p0 − p∞ is bounded by a term linear
in the coupling strength.
An additional benefit of the bound (9) is that it ob-
viates two important points. First, the bound (9) evi-
dently holds in thermodynamic limit. To take the latter
one should merely drop the factor N/(N − 1). Second,
the range of interaction evidently does not matter: the
inequality (9) represents a nontrivial bound even for long
range interactions, provided the interaction potential de-
creases with distance faster than 1/x. We expect that
both observation generically hold for the bound (8) as
well.
We complete the discussion of the above theorem by
noting that the assumption of nondegeneracy of energy
spectrum for a given total momentum is extremely unre-
strictive. It is fulfilled in a generic system. Moreover, it
is even fulfilled in the integrable case of point-like inter-
action and equal masses. This can be easily checked by
solving Bethe equations for this system [16].
For completeness, we complement the lower bound (9),
valid exclusively in 1D and for p0 < q0, with a rather
trivial upper bound, valid in any dimension and for any
p0 (the potential still should be everywhere repulsive):
|p∞| ≤
√
p20 +
2
pi
mikFU
N
N − 1 . (10)
This bound is also proven in the Appendix.
Let us consider as an example the case studied in [5, 7–
9],
U(x) = gδ(x), (11)
with a positive coupling constant g. In this case, neglect-
ing terms ∼ 1/N , one obtains from eqs. (9) and (10)
p0 − g mikF
pi(q0 − p0) ≤ p∞ ≤
√
p20 + 2g mikF/pi. (12)
These bounds are depicted in Fig. 1. One can see that p∞
is necessarily nonzero for certain initial conditions. The
fact that the impurity is not completely stopped despite
the interactions with the host gas is in line with findings
of [3–9].
IV. SUMMARY AND CONCLUDING
REMARKS
To summarise, we have studied the infinite-time mo-
mentum of the mobile impurity injected in a degenerate
(T = 0) one-dimensional gas of noninteracting fermions
(or, equivalently, Tonks-Girardeau bosons) with some ini-
tial momentum p0. Our main result is represented by
the inequalities (8) and (9), which bound |p∞(p0)| from
below. The bound implies that, contrary to the naive
expectation, p∞ is not zero, at least when p0 lies in a
certain range. The derivation of the bounds (8) and (9)
is completely general and does not rely on perturbation
theory, hydrodynamic approximation, exact solution in
integrable case or numerical simulations, in contrast to
the pioneering papers on the topic [3–6] and recent pa-
pers [7–9]. Instead, the derivation rests on the existence
of the nontrivial lower edge of the spectrum of the host
gas (the same property of the host gas was used to obtain
a related analytical result in [5]). The only assumption
used to derive the bound (8) is the nondegeneracy of the
spectrum of the total Hamiltonian for a given total mo-
mentum p0. This assumption is generically fulfilled, even
in the presence of integrability. The bound (8) explicitly
depends on the exact eigenstates of the total Hamilto-
nian. Thus in practice it can be applied to the integrable
cases or to the cases when the interaction between the
impurity and the host can be treated perturbatively. In
the latter case the difference p0 − p∞ (where p0 > 0)
is bounded from above by a O(g2) term, g being a cou-
pling constant. The dependence of the bound (8) on ex-
act eigenstates precludes, however, its direct application
in nonintegrable cases with interaction strong enough to
invalidate the perturbative treatment. An additional as-
sumption that the interaction is everywhere repulsive,
as defined in eq. (1), allows us to overcome this limita-
tion and obtain the bound (9), which does not depend
on exact eigenstates and can be easily evaluated for an
everywhere repulsive potential of arbitrary strength and
shape. Remarkably, the inequality (9) represents a non-
trivial bound even for long range interactions, provided
the interaction potential decreases with distance faster
than 1/x. We also provide a simple upper bound on the
infinite time momentum, eq. (10), which complements
the lower bounds (8) and (9).
One may wonder whether the phenomenon proved in
the present paper – the perpetual motion of the impu-
rity – has anything to do with superfluidity. This is a
subtle question. It is known that the superfluidity, un-
derstood as a dissipationless motion of an infinitely heavy
impurity in a quantum liquid, is absent in one dimension.
This can be seen by applying the Landau criterion to the
spectrum of excitation of the Luttinger liquid (see [10] for
4a more elaborated treatment and review [11] for a clear
discussion of various aspects of superfluidity in one di-
mension). Our result does not contradict this statement,
as the r.h.s. of eqs. (8) and (9) gives −∞ for mi = ∞.
Our bound makes sense for a mobile impurity of a finite
mass only. Moreover, strictly speaking, it does not guar-
antee the absence of dissipation – it only ensures that the
impurity is never stopped completely.
The spectrum of excitation has a nontrivial lower edge
not only in the free fermion and Tonks-Girardeau gases
considered in the present article, but also in generic one-
dimensional quantum liquids, as well as in some two-
and three-dimensional liquids. For this reason the results
obtained here can be generalized for the case of mobile
impurity in any such quantum liquid. This generalization
will be reported elsewhere.
Let us discus how our findings are related to the results
of Ref. [17]. In the latter work the mobility of a heavy im-
purity (mi  mh) was calculated at a finite temperature
and was found to diverge in the limit of vanishing tem-
perature. This is consistent with our result, however does
not by any means automatically imply it. Indeed, since
the mobility is defined as dv/dF |F=0 (v being the steady
state velocity of an impurity pulled by a force F ), it is
infinite whenever v(F ) ∼ Fα with α < 1, irrespectively
of whether or not the system permits perpetual motion of
the impurity in the absence of a force. In agreement with
this reasoning, it was found in [8] that v(F ) ∼ √F for a
free fermion host with mi > mh. It should be also noted
that the results of [17] are obtained within the linear re-
sponse scheme (the force is first considered to be periodic
in time, then the limit of vanishing frequency is taken,
and after that the limit of vanishing amplitude is taken),
while we work with a true infinite-time asymptotic state
of a conservative impurity-host system. As was empha-
sised in [17], in some cases the results produced by the
two approaches can be completely different.
Finally, we briefly discuss our results in the context of
thermalization. We have proven that p∞(p0) can not be
identically equal to a constant (in particular, to zero),
see Fig. 1 for illustration. This means that the impurity
interacting with the bath of one-dimensional noninteract-
ing fermions or Tonks-Girardeau bosons does not ther-
malize, in particular its equilibrium state depends on the
initial condition (see [18] for a thorough analysis of differ-
ent aspects of thermalization). This is a rare example of
thermalization failure in a local, generally non-integrable
system without disorder (cf. discussion in [19]). Note,
however, that this failure occurs for a special initial state
of the bath, namely, the T = 0 state. We expect that
thermalization is restored at T > 0 in thermodynamic
limit.
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APPENDIX
An important role in the proof of the Theorem is
played by the set of eigenstates of the noninteracting
Hamiltonian
Hˆ0 ≡ Hˆ0h + Hˆ0i . (A.1)
Let us introduce some relevant notations and concepts.
Let K be an ordered set {k1, k2, ..., kN} of fermion mo-
menta, then |K〉 is an eigenstate of Hˆ0h with correspond-
ing momenta, and E0K ≡
∑N
n=1 k
2
n/(2mh)−C is its eigen-
value:
Hˆ0h |K〉 = E0K |K〉 . (A.2)
In this notations the Fermi sea |FS〉 corresponds to K =
{−kF,−kF + δk, ..., kF}, where δk ≡ 2pi/L. The energy
of the Fermi sea is zero according to eq. (4), and
E0K ≥ E0FS = 0, (A.3)
since |FS〉 is the ground state of Hˆ0h . Moreover, a more
strong inequality is fulfilled in one dimension, see e.g.
[20]:
E0K ≥
|K|(2kF − |K|)
2mh
, (A.4)
where |K| ≡∑Nn=1 kn.
Further, let k be a momentum of the impurity, then
|k〉 is the corresponding plane wave of the impurity:
Hˆ0i |k〉 =
k2
2mi
|k〉 . (A.5)
Finally, we introduce product states |K, k〉 ≡ |K〉 ⊗ |k〉
which form a complete set of eigenstates of Hˆ0:
Hˆ0 |K, k〉 = E0K,k |K, k〉 , (A.6)
with
E0K,k ≡ E0K +
k2
2mi
. (A.7)
The total Hamiltonian (2) conserves the total momen-
tum which equals p0 for the state (5), therefore we will
always work in a subspace with the total momentum p0.
This subspace is spanned by all |K, k〉 with
|K|+ k = p0. (A.8)
The proof of the theorem is based on the following
5Lemma. Consider states |FS, p0〉 and |K, k〉 with the
same total momentum p0 ∈ [0, q0). Then
p0 − k ≤ mi
q0 − p0 (E
0
K,k − E0FS,p0). (A.9)
Proof. If k > p0, then, using eqs. (A.7) and (A.3) one
obtains EK,k > p
2
0/(2mi) = EFS,p0 . Thus, the l.h.s. of
the inequality (A.9) is negative and the r.h.s. is positive,
therefore the inequality (A.9) is fulfilled.
Let us consider now k ≤ p0. From eqs. (A.7), (A.4)
and (A.8) one obtains
E0K,k − E0FS,p0
p0 − k ≥
1
2
(
m−1h −m−1i
)
k +
2kF − p0
2mh
− p0
2mi
.
(A.10)
Consider two cases.
(a). mi < mh
The minimum of the r.h.s. of eq. (A.10) on the in-
terval k ∈ (−∞, p0] is reached at k = p0 and reads
m−1i (kFmi/mh − p0), which leads to eq. (A.9).
(b). mi > mh
In this case we have to consider intervals k ∈ [p0−2kF, p0]
and k ∈ (−∞, p0 − 2kF] separately.
(b1). k ∈ [p0 − 2kF, p0]
The minimum of the r.h.s. of eq. (A.10) is reached at
k = p0 − 2kF and reads m−1i (kF − p0), which leads to
eq. (A.9).
(b2). k ∈ (−∞, p0 − 2kF]
In this case we do not use eq. (A.10). Instead, we use
eqs. (A.7) and (A.3) to obtain
E0K,k − E0FS,p0
p0 − k ≥ −
k + p0
2mi
≥ m−1i (kF − p0), (A.11)
which again leads to eq. (A.9).
Note that in the case of equal masses, mi = mh, the
result (A.9) is obtained directly from eq. (A.10).
Corollary. State |FS, p0〉 is a ground state of Hˆ0 in the
subspace with the total momentum p0.
Proof. If k > p0, the proof is contained in the proof
of the Lemma. If k ≤ p0, the Corollary follows from the
inequality (A.9). 
Proof of the Theorem. Let us expand the evo-
lution operator in the definition (6) as e−iHˆt
′
=∑
ΨE
|ΨE〉〈ΨE |e−iEt′ . Then, due the assumed non-
degeneracy of eigenvalues, only the diagonal in energy
terms survive the integration in the t → ∞ limit, and
one is left with
p∞ =
∑
ΨE
|〈FS, p0|ΨE〉|2〈ΨE |pˆi|ΨE〉. (A.12)
Further,
p0 − p∞ =
∑
ΨE
∑
K
+∞∑
k=−∞
(p0 − k)|〈FS, p0|ΨE〉|2|〈ΨE |K, k〉|2.
(A.13)
Here the summations are performed over the eigenstates
|ΨE〉 of the total Hamiltonian Hˆ, and over the eigenstates
|K, k〉 of the nonimteracting Hamiltonian Hˆ0.
The key step is to implement the inequality (A.9)
which is valid for any K:
p0 − p∞ ≤ mi
q0 − p0
∑
ΨE
|〈FS, p0|ΨE〉|2×
×
∑
K
∞∑
k=−∞
〈ΨE |Hˆ0 − E0FS,p0 |K, k〉〈K, k|ΨE〉
=
mi
q0 − p0
∑
ΨE
|〈FS, p0|ΨE〉|2〈ΨE |Hˆ0 − E0FS,p0 |ΨE〉.
(A.14)
Taking into account that∑
ΨE
|〈FS, p0|ΨE〉|2(E − E0FS,p0) = 〈FS, p0|Vˆ |FS, p0〉,
(A.15)
one finally obtains the desired bound (8).
To obtain the bound (9) from the bound (8), one has to
drop the second term in the brackets in the r.h.s. of (8)
taking into account that according to the definition (1)
〈Ψ|Vˆ |Ψ〉 ≥ 0 ∀ Ψ (A.16)
for everywhere repulsive interactions, and to use
〈FS, p0|Vˆ |FS, p0〉 = kFU
pi
N
N − 1 . (A.17)

Proof of the upper bound (10). First let us derive a
bound on
(p2)∞ ≡ lim
t→∞
1
t
∫ t
0
dt′〈FS, p0|eiHˆt′ pˆ2i e−iHˆt
′ |FS, p0〉.
(A.18)
If the spectrum of Hˆ is nondegenerate for a given total
momentum p0, then
(p2)∞ =
∑
ΨE
|〈FS, p0|ΨE〉|2〈ΨE |pˆ2i |ΨE〉
= 2mi
∑
ΨE
|〈FS, p0|ΨE〉|2(E − 〈ΨE |Hˆ0h |ΨE〉 − 〈ΨE |Vˆ |ΨE〉)
≤ 2mi〈FS, p0|Hˆ|FS, p0〉 = p20 + 2mi〈FS, p0|Vˆ |FS, p0〉.
(A.19)
The inequality is obtained with the use of eqs. (A.3) and
(A.16). Since (p∞)2 ≤ (p2)∞, the bound (10) is a direct
consequence of eq. (A.19). 
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